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Introduction

Kuttler and Sigillito [[KS68] established spectral inequalities on bounded domains in R? linking the eigenvalues of the standard Steklov, Dirichlet,
and Neumann problems with those of the biharmonic Steklov problem with Dirichlet and Neumann boundary conditions. Hassannezhad and Siffert
HS20] later generalized some of these inequalities to compact star-shaped Riemannian manifolds in the scalar case. In this work, we extend certain
Kuttler—Sigillito (K—S) inequalities to differential forms on compact Riemannian manifolds. To this end, we introduce a biharmonic Steklov problem
with Neumann-type boundary conditions, prove its ellipticity, establish the existence of a discrete spectrum, and provide variational characterizations of
its eigenvalues.

Classical eigenvalue problems for functions

Let (M",g) be a compact connected Riemannian manifold with boundary M. We denote by:
e A = —divV the Beltrami Laplacian, A? = A o A the bi-Laplacian.
e v the inward unit normal vector on OM.

e O, u the inner normal derivative.

Definition. We consider the following spectral | Bitharmonic Steklov Dirichlet (BSD)

problems. A%y =0 on M
Dirichlet problem u =0 on OM
Au—qd,u=0 on oM.
Au= N onM
u = 0 on OM. Biharmonic Steklov Neumann (BSN)
A%y =0 on M
Neumann problem O,u =0 on OM
O, (Au) +fu=0 on oM.
Au=pu on M v(Au)
o,u=0 on OM. The parameters A, i, 0,q,¢ € R denote the corre-
sponding eigenvalues.
Steklov problem Problem | Spectrum Kernel
Dirichlet O0< A1 <Ao< Trivial
Au =0 on M Neumann | 0 < pu; < pus < ... Constant functions
Ou=—cu onOM Steklov 0< 01 <09 < ... Constant functions
g ' BSD 0<aq1 <qs <... | Trivial
BSN 0< ¥t <ty < ... Constant functions

BSN for p—forms

Theorem 1. [Abo25] The following boundary problems

A?w =0 on M
v w =0 on 8M (A206 =0 on M (A20 =0 on M
vaw =10 on OM viw =20 on OM
(BSN) vadw =0 on OM  (BSN2){ v.dw =0 on M (BSN3){ vadw =0 on OM
fow =10 on OM VAW + (PN3 550w =0 on OM
V_IACU =0 on aM \1/_|Adw + ¢BSN2 5y =0 on OM \l/_lAdw—i_—l- ¢BSN3 5y =0 on OM.
viAdw + 0w =0 on oM

has a discrete spectrum consisting of an unbounded non-decreasing sequence of positive real eigenval-
ues with finite multiplicities (¢;,);>1. The kernel of this problem is H; (M), where the absolute de
Rham cohomology of order p is the space

Hi(M)={we QM) |dw=0o0onM, ow=0onM, viw=0 on OM}.

The first non-zero eigenvalue is given by:

fljp — inf {
— inf{

2
L2 (M)

we QP(M), Aw=0o0on M, vaw=0on OM, w Lr2n HZ(M)}

|lw

|Aw

L¥w||
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L2(8M)

vadw =0, vow =0 and “w # 0 on OM, w L2050 HZ(M)} .
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Kuttler-Sigillito inequalities in R?

Some Kuttler—Sigillito inequalities on a bounded
planar domain with piecewise boundary [KS68].
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BSD for p—differential forms
We denote by A = dd + od the Hodge-de Rham

Laplacian on differential forms.

By |El +24], the following problem

A?w =0

w =0

VoA w+qtfow =0
C'Aw—qradw =0

on M

on OM
on OM
on OM,

(BSD)

has a discrete spectrum consisting of an
unbounded monotonously non—decreasing se-
quence of positive eigenvalues of finite multiplic-

ities (qj,p)j>1-

K-S inequalities for p—forms

Theorem 2. [Abo25] Let (M™,g) be a compact

Riemannian manifold with a smooth boundary
oM.

For k > 1, we have the following inequalities:

®  fikpO1p < Lk

® (11p0kp < lip

Moreover, the inequality is strict for k = 1.

2

qlapal,p < glap

s < A+ (qplhp) 3

Uiy < Ay + (q1,p010) 7"

Here Ag.py fk.ps Ok.ps Qk.p and £y, denote the k%"
eigenvalues of the Dirichlet, Neumann, Steklov,
BSD, and BSN problems, respectively.
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